We present Quantum Unfolding, a Fortran90 program for unfolding first-principles electronic energy bands. The Quantum Unfolding can unfold energy bands accurately by handling the Fourier components of the reconstructed wavefunctions. It is interfaced with Wannier90 package. Due to the wide application of Wannier90 package and the possibility of focusing only on the most important energy bands, the present code works very efficiently. The Brillouin zone of a supercell is smaller than that of a primary cell. It makes the supercell energy bands more crowded. The crowded energy bands are outright difficult, if not impossible, to be compared with experimental results directly. Besides, the intra-supercell translation symmetries are hidden in the supercell band structure calculations. In order to compare with experiments and catch the hidden symmetries, we have to unfold the supercell energy bands into the corresponding primary-cell Brillouin zone.
complex. In this case, the Brillouin zone becomes smaller than that of the primary cell. All the energy bands become shorter and are crowded in this limited reciprocal space. Thus, the shapes of energy bands are destroyed and the electron effective mass is harder to be extracted. The situation would be much more serious for the heavily folded energy bands. In many cases, we have to use supercell calculation scheme, for example, for the systems with point defects [1] [2] [3] [4] , disorder [5] [6] [7] , interfacial reconstruction [8] [9] [10] , and complex spin configurations [11] . The consequent eigen wavefunctions are supercell Bloch functions. Many of them have signatures of primary-cell Bloch functions, which is called hidden Bloch character [12] . It originates from the approximate primary-cell translational symmetry of the Hamiltonian. Furthermore, the ARPES experimental results can not be referred to the supercell energy bands. In order to compare ARPES data with theoretical band structure and catch the hidden translational symmetry, we have to unfold the supercell energy bands into the corresponding primary-cell Brillouin zone.
Recently, energy band unfolding methods have been developed actively. Boykin et al. proposed a method for unfolding tight-binding supercell energy band structure into a bulk dispersion relation [13] [14] [15] . Allen et al. provided a convenient notation and useful theoretical formulas of energy band unfolding [12] . An algorithm was developed by Ku et al. to unfold energy bands via symmetry-protected Wannier functions [16] . This unfolding method has been successfully used in many systems and has helped people to gain physical insights into these systems [16] [17] [18] [19] . It has further been extended by Lee et al. from Wannier functions to the linear combination of atomic orbitals [20] . Popescu et al. also proposed a method to unfold energy bands, and applied the method to study random alloys [5, 6] . Based on the translational symmetry group, recently, we have built a general group theoretical method to unfold energy band structures [21] . Although the above-mentioned unfolding methods have been proposed and applied to various systems, up to now, there is still no unfolding code published. Thus, we write the present code, and make it much easier to unfold energy band structures.
II. COMPUTATIONAL METHODOLOGY
We denote the generators of the supercell and primary-cell translations as A i (i=1,...,3) and a i (i=1,...,3), respectively. The volume of the supercell is N times as large as that of the primary cell. Their unit cell vectors in reciprocal space are B i (i=1,...,3) and b i (i=1,...,3), respectively. The eigenstates of the system in the supercell can be calculated directly by using density functional theory (DFT) or other theoretical formalisms. The eigenstates are Bloch wavefunctions. They obey the relation
, where T (R) is a supercell translation operator and K is a wave vector in supercell Brillouin zone. Each eigenfunction can be written as
The supercell energy band unfolding can be done by using the method described in Ref. [20] . The unfolding weight is gotten from a projection operator P (G) = i |i, G >< i, G|, where the state |i, G > is defined as |i, G >:=exp(iG· x)v i (x). The G here originates from the representation of a factor group of the primary-cell translational symmetry group. It relates the supercell and primary-cell wave vectors as k = K + G. The integer i labels a group of normalized orthogonal complete periodic basis functions v i (x) in the primary cell. The projection operator P (G) acts on periodic function U K (x). The energy band unfolding can also be done by using a projection operator [12] 
When we choose plane waves as basis functions v i (x), the unfolding formula is simplified to be
The above equation is exactly the same as Eq. (15) in Ref. [5] . The detailed derivation can be found in the appendix in Ref. [20] . The g is the primary-cell reciprocal lattice vectors, namely, g = D i n i b i . Thus, the unfolding weight is the summation of norm squares of some Fourier components.
The wavefunction is usually very huge in first-principles calculations, and there are many unnecessary wavefunctions whose energies are far from the Fermi energy. In order to save time and computation resources, we use maximally localized Wannier functions in the present code. We use the Wannier function reconstructed wavefunctions near the Fermi energy to calculate the unfolding weight. The maximally localized Wannier functions are disentangled from the energy band complex [22] , and the spread is minimized by a unitary transform [23] .
III. BRIEF DESCRIPTION OF THE CODE
After decompressing the unfolding zip file, one gets a folder named as Quantum Unfolding. There are three folders and one executable file. The example folder contains five examples. The second folder, wannier90-2.0, contains two source files that can be used to recompile Wannier90 [24] . The third folder is doc, which contains the present communication paper.
In this code, the control parameters are read from the input.dat file, which will be described in detail in the next section. The Hamiltonian matrix in the Wannier function basis and the other information of the system are read from the standard output files of Wannier90 package; they are seedname hr.dat and seedname.wout files. In the energy band unfolding process, the unfolding code needs to read the Wannier functions to reconstruct the electron wavefunction. However, in the standard Wannier90 output files, each Wannier function is scaled by a global phase to ensure the maximum modulus point to have a real value. They are not suitable for unfolding energy bands. Thus, we have added a few lines to Wannier90 source file plot.F90. If the key word wannier plot is set to be true in seedname.win, the wannier90.x that is compiled with new plot.F90 file will produce a series of wf[0-n wan ].[spin] files, which contain the raw Wannier functions. Each wf[0-n wan ].
[spin] file describes a Wannier function. In this file, [0-n wan ] is a three-digit number that labels the Wannier function, ranging from 1 to n wan , and [spin] is a one-digit number to label the spin, choosing 1 and 2 for up and down spins, respectively. For example, if the total number of Wannier functions is 16 (num wann=16 in Wannier90 input file), and the system is spin unpolarized or we are handling the up-spin energy bands, then the Wannier function files are wf001.1, wf002.1, ... wf016.1.
Another Wannier90 source file parameters.F90 is also revised to add three keywords. They are period x, period y, and period z. The default values of them are 1, which means that the system is periodic in all three dimensions. Each of these new parameters can be set to 0 if the corresponding direction is not periodic, then the wf[0-n wan ].
[spin] files would be smaller, which can save some disk space and memory, and improve the unfolding speed. Of course, the default values of period x, period y, and period z also work for one-and two-dimensional systems, except for that the unfolding process is lower and uses larger computer memory and disk space.
If the task to be performed is just energy band calculation, the program will load seedname hr.dat and seedname.wout files, read 'spin', 'seedname', and super cell k-points setting (see 'begin super cell kpoint' and 'end super cell kpoint' in the next section) from input.dat, and then calculate the energy bands directly without unfolding them. After energy band calculation, the program will produce bands.dat and boundaries bands.dat files. The bands.dat has two columns of real numbers. The first column is the k-point position parameter, showing the distance between the present k-point and the starting k-point. It can be used as the x-axis value in energy band plotting. The second column is the energy in the unit of eV. The boundaries bands.dat contains several two-line data blocks; each block defines a vertical line in energy bands, giving the boundary between two nearest high-symmetry k-point lines.
For the task of energy band unfolding, the program will load seedname hr.dat, seedname.wout, and wf[0-n wan ].
[spin] files, read 'dimension', 'spin', 'seedname', 'energy low', 'energy high', 'wtclean', primary-cell k-point setting (see 'begin primary cell kpoint' and 'end primary cell kpoint' in the next section), and primary-cell lattice parameters (see 'begin primary cell' and 'end primary cell' in the next section) from input.dat file, and then calculate energy bands and unfold them. The detailed flow chart of unfolding process is shown in Fig. 1 . After energy band unfolding, the program will produce bands unfold.dat and boundaries unfold.dat files. The bands unfold.dat has three columns of real numbers. The first two columns are the k-point position parameters and energies. The third column is the unfolding weight. When plotting energy band figures, we usually use it as the darkness and dot size. The boundaries unfold.dat defines the boundaries between high-symmetry k-point lines.
IV. THE INPUT.DAT FILE
The target to be performed and the information of the system can be described by the keywords in input.dat file. The ordering of the keywords is not significant. Case is ignored, so that dimension is the same as Dimension. Characters after ! or # are treated as comments. Most keywords have default values unless they are given in input.dat. The keywords are described as follows:
Default value : ufeb Value type : string of characters
The keyword 'calculation' describes the task to be performed. The value of 'calculation' has two options at the present time; they are: eb : Energy band calculation.
ufeb : Energy band unfolding.
•
Value type : integer
It specifies the dimension of the system. The value and the corresponding means are as follows:
1 : one dimensional along x direction ;
11 : one dimensional along x direction, same as 1;
12 : one dimensional along y direction;
13 : one dimensional along z direction;
2 : two dimensional in x-y plane;
21 : two dimensional in y-z plane;
22 : two dimensional in x-z plane;
23 : two dimensional in x-y plane, same as 2;
3 : three dimensional.
• spin = 1 | 2 Default value : 1 Value type : integer
The value of 'spin' is either 1 or 2, corresponding to up or down spin. It should be 1 when the system is non-spin-polarized. It has the same meaning with the keyword 'spin' in Wannier90 package.
• seedname Default value : noname Value type : string of characters
The value of 'seedname' signs the system briefly, which is similar to the keyword 'seedname' in Wannier90 package.
• energy low Default value : −1 Value type : real
The value of 'energy low' defines the low energy boundary of the unfolding window.
• energy high Default value : 1 Value type : real
The value of 'energy high' defines the high energy boundary of the unfolding window.
• wtclean = 0 ∼ 1 Default value : 0.1 Value type : real
The result data point with weight lower than 'wtclean' will not be written in the output file.
• writeallbands= t | true | f | false Default value : f Value type : logic
The value is case insensitive. If 'writeallbands' = true or t, then a band all.dat file is produced, which contains all the energy bands and the corresponding unfolding weight.
• begin super cell kpoint and end super cell kpoint
The data block between 'begin super cell kpoint' and 'end super cell kpoint' defines the highsymmetry lines in the first Brillouin zone of the supercell. There are 3n lines in the data block. Each three lines define one high-symmetry k-point line. The first line is an integer, which is larger than 1. It shows the number of k-points along the high-symmetry k-point line. Both the second and the third lines have three real numbers, which show the starting and end points of the high-symmetry k-point line in direct form.
• begin primary cell kpoint and end primary cell kpoint
The data block between 'begin primary cell kpoint' and 'end primary cell kpoint' defines the high-symmetry lines in the first Brillouin zone of the primary cell. It has the same data structure of the supercell k-points setting. There are 3n lines in the data block. Each three lines define one high-symmetry k-point line. The first line is an integer, which is larger than 1. It shows the number of k-points along the high-symmetry k-point line. Both the second and the third lines have three real numbers, which show the starting and end points of the high-symmetry k-point line in direct form.
• begin primary cell and end primary cell
The data block between 'begin primary cell' and 'end primary cell' have three lines. They define the three cell vectors with the unit of angstrom.
V. EXAMPLES
In the following context we illustrate the capabilities of Quantum Unfolding by describing five systems: (i) graphene, a two dimensional Dirac fermion system; (ii) paramagnetic FeSe monolayer; (iii) collinear antiferromagnetic FeSe monolayer; (iv) diamond, a three dimensional large gap semiconductor; (v) diamond doped with a Si atom. The translational symmetries of the primary lattice are conserved in graphene, paramagnetic FeSe, and diamond systems; then the unfolding processes are trivial. The unfolding weight is 0 or 1, and the corresponding energy bands should coincide with those from the primary-cell calculations. The examples here show the validity of the present code. The translational symmetries in collinear antiferromagnetic FeSe and Si-doped diamond are broken. Then, the unfolding processes are nontrivial.
A. Graphene
Graphene is a two-dimensional honeycomb lattice of carbon atoms. It is the building block of many other carbon based materials. For example, fullerene is a wraped up graphene, carbon nanotubes are obtained by rolling graphene along a given direction, and graphite is a stacking structure of graphene layers coupled by van der Waals forces. Since its fabrication in 2004 [27] , graphene has been the focus of scientific community due to its peculiar electronic properties [28] [29] [30] [31] [32] . Its low energy excitations are massless chiral Dirac fermions, which can mimic the physics of quantum electrodynamics [31, 32] . Recently, people have proposed a variety of graphene based devices [33] [34] [35] [36] .
As an example, we consider energy band unfolding of a freestanding graphene. The structure relaxation and electronic structure calculations are performed by using DFT [37, 38] with norm-conserving carbon pseudopotential [ 39, 40] . The exchange correlation potential is described by the generalized gradient approximation (GGA) of PerdewBurke-Ernzerhof (PBE) type [41] . The kinetic energy cutoff for wavefunction is chosen to be 70 Ry, which is converged in our test. We use a rectangle supercell in our DFT calculations. Each supercell contains four carbon atoms as shown in Fig. 2 . The graphene layers are separated by a vacuum of 12Å in order to reduce the interactions between the nearest layers. The system is relaxed until the force on each atom is smaller than 0.01 eV/Å. BFGS quasi-newton algorithm is used in the structure relaxation. In the self-consistent ground state calculations, 13×23×1 MonkhorstPack k-point setting is used in the reciprocal space integration. After obtaining the self-consistent ground state, we freeze the potential and perform a non-self-consistent calculation on a uniform 13×21×2 grid of k-points. At each k-point we calculate the first 20 energy bands. All the DFT calculations are performed by using Quantum Espresso package [25] .
The required overlap matrices and projections are calculated using the post-processing routine pw2wannier90, supplied with the Quantum Espresso package. Then, Wannier90 is used to obtain the maximum localized Wannier functions. Four Wannier functions (namely, one p z orbital on each carbon atom) are used to describe the electronic structure. The gauge-dependent and gauge-independent spreads converge to machine precision in 323 and 45 steps, respectively. The spatial spreads of these Wannier functions are 0.94Å. A standard output file and a hamiltonian file are obtained after wannierization, which are used in the unfolding process. Besides these two files, four Wannier function files (wf[0∼n wan ].1) are also produced by a modified version of Wannier90.
Then, we perform the energy band interpolation and unfolding in the supercell and the primary-cell Brillouin zones, separately, by using the present code. The resultant energy bands in the supercell are shown in Fig. 2(d) . There are four energy bands (two-fold degenerated along X-M-X ′ ), which is equal to the total number of Wannier functions. The unfolded energy bands are shown in Fig. 2(e) . The atomic structure in the supercell is a perfect graphene; thus all the translational symmetries are conserved, and the unfolding weight should be either 1 or 0. The unfolded energy bands plotted in Fig. 2(e) show the unfolding weight by darkness (0 is white and 1 is the most darkness). We can see that there are two dark lines in Fig. 2(e) , agreeing with the total number of p z ortibals in the primary cell. The shapes of the unfolded energy bands agree with those of the energy bands in the primary cell [26] .
B. Paramagnetic FeSe
Recently, monolayer FeSe was successfully grown on SrTiO 3 surface [42] . The superconducting transition temperature 65±5 K was realized by optimizing the annealing process [43] [44] [45] . Theoretical efforts are being paid to explain its scanning tunneling spectroscopy (STS) and ARPES results [46] [47] [48] [49] [50] [51] . We unfold the energy band structures of The paramagnetic FeSe structure relaxation is done by using the DFT method with norm-conserving pseudopotentials [39, 40] and PBE-type GGA exchange correlation potential [41] . The kinetic energy cutoff for wavefunction is chosen to be 50 Ry, which is converged in our test. We use a √ 2 × √ 2 supercell in our DFT calculations. Each supercell contains four Fe atoms and four Se atoms as shown in Fig. 3(a) . The lattice constant is chosen to be 5.518 A, which is the monolayer FeSe parameter in experiments [42] . The FeSe layers are separated by a vacuum of 12.5 A, in order to reduce the interactions between the nearest layers. The system is relaxed until the force on each atom is smaller than 0.01 eV/Å. BFGS quasi-newton algorithm is used in the structure relaxation. In the self-consistent ground state calculations, 7×7×1 Monkhorst-Pack k-point setting is used in the reciprocal space integration. After obtaining the self-consistent ground state, we freeze the potential and perform a non-self-consistent calculation on a uniform 7×7×2 grid of k-points. At each k-point we calculate the first 84 energy bands.
The required overlap matrices and projections are calculated using pw2wannier90. Then, Wannier90 is used to obtain the maximum localized Wannier functions. Thirty two Wannier functions, including the p orbitals on Se atoms and d orbitals on Fe atoms, are used to describe the electronic structure. The gauge-dependent and gaugeindependent spreads converge to machine precision in 225 and 316 steps, respectively. The spatial spreads of the d Wannier functions are 0.78∼1.07Å, and those of the p Wannier functions are 1.80∼1.84Å. A standard output file and a hamiltonian file are obtained after wannierization, which are used in the unfolding process. Besides these two files, thirty two Wannier function files (wf[0∼n wan ].1) are also produced by the modified version of Wannier90.
Then, we perform the energy band interpolation in the supercell Brillouin zone and the energy band unfolding in the primary-cell Brillouin zone by using the present code. The resultant energy bands in the supercell are plotted in Fig. 3(d) , which shows that the energy bands near the Fermi level are crowded around Γ point. The unfolded energy bands are shown in Fig. 3(e) . The atomic structure in the supercell is a perfect FeSe; thus all the translational symmetries are conserved, and the unfolding weight should be either 1 or 0. The unfolded energy bands plotted in Fig. 3(e) show the unfolding weight by darkness. We can see that there are fewer lines in Fig. 3(e) than in 3(d) . 
C. Collinear Antiferromagnetic FeSe
Collinear antiferromagnetism is the most stable spin configuration of monolayer FeSe [48] . The method and most of the parameters used in collinear antiferromagnetic FeSe are the same as those of paramagnetic FeSe, except for that we have used more k-points (9×9×2) in the non-self-consistent calculation. The gauge-dependent and gaugeindependent spreads converge to machine precision in 225 and 316 steps, respectively. The spatial spreads of the d Wannier functions are 0.64∼1.26Å, and those of the p Wannier functions are 2.13∼2.26Å.
Then, we perform the energy band interpolation in the supercell Brillouin zone and the energy band unfolding in the primary-cell Brillouin zone separately by using the present code. The resultant energy bands in the supercell are shown in Fig. 4(d) . The unfolded energy bands are shown in Fig. 4(e) . There are several lightly colored energy bands, which originate from the symmetry breaking. Even though the atomic structure in the supercell is perfect, while the spin configurations of Fe atoms have a larger period as shown in Fig. 4(a) , which breaks the primary-cell translational symmetry. The shapes of unfolded energy bands are quite different from those of the paramagnetic FeSe monolayer.
D. Diamond
In order to test the code in three-dimensional systems, we further calculate the energy band structure of a supercell of diamond, and unfold it to the primary-cell Brillouin zone. The DFT calculations are carried out to relax the diamond structure and obtain the electronic structures. The inner electrons of carbon atoms are described by normconserving pseudopotentials [39, 40] . The exchange correlation potential is described by the GGA of PBE-type [41] . The kinetic energy cutoff for wavefunction is chosen to be 70 Ry, which is converged in our test. We use a cubic supercell in our DFT calculations as shown in Fig. 5(a) . Each supercell contains eight carbon atoms. The primary cell is also shown in Fig. 5(a) by a yellow cage. The relaxed supercell lattice parameter is 3.57Å, which agrees with the experimental measurement. The system is relaxed until the force on each atom is smaller than 0.01 eV/Å. BFGS quasi-newton algorithm is used in the structure relaxation. In the self-consistent ground state calculation, a 13×13×13 Monkhorst-Pack k-point setting is used in the reciprocal space integration. After obtaining the self-consistent ground state, we freeze the potential and perform a non-self-consistent calculation on a uniform 9×9×9 grid of k-points. At each k-point we calculate the first 32 energy bands.
The required overlap matrices and projections are calculated using pw2wannier90. Then, Wannier90 is used to obtain the maximum localized Wannier functions. Twenty four Wannier functions of the p orbitals on carbon atoms are used to describe the electronic structure. The gauge-dependent and gauge-independent spreads converge to machine precision in 369 and 490 steps, respectively. The spatial spreads of the p Wannier functions are 0.58∼0.63 A. A standard output file and a hamiltonian file are obtained after wannierization, which are used in the unfolding process. Besides these two files, thirty two Wannier function files (wf[0∼n wan ].1) are also produced by the modified version of Wannier90.
Then, we perform the energy band interpolation in the supercell Brillouin zone and the energy band unfolding in the primary-cell Brillouin zone, separately, by using the present code. The resultant energy bands in the supercell are shown in Fig. 5(d) . The calculated energy gap is 5.5 eV, which agrees with previous studies [54, 55] . The unfolded energy bands are shown in Fig. 5(e) . The atomic structure in the supercell is perfect, thus all the translational symmetries are conserved, and the unfolding weight should be either 1 or 0. The unfolded energy bands plotted in Fig. 5(e) show the unfolding weight by darkness. One can see that there are fewer lines in Fig. 5 (e) than in 5(d). The shapes of the unfolded energy bands agree with those in the primary cell [52, 53] .
E. Diamond with Si doping
The example of diamond with Si doping shows the effect of translational symmetry breaking. The method and most of the parameters used here are the same as those used in the perfect diamond calculations. The spreads of the Wannier functions converge to machine precision in 870 steps in the gauge-dependent part, while the gaugeindependent spreads do not converge to machine precision in 1000 steps. However, the non-convergence here does not affect the quality of energy band unfolding. The spatial spreads of the p Wannier functions are 0.47∼0.72Å.
The unfolded energy bands in the supercell are shown in Fig. 6(d) . The main shapes are similar to those shown in Fig. 5(d) , except for that the energy gap decreases to 4.4 eV, and many energy bands are no longer degenerated, which bring a slight more complex figure. The unfolded energy bands are shown in Fig. 6 (e). Comparing with Fig.  5 (e), the unfolded energy bands of the doped system have broken points and darkness in a variety, which originate from the breaking of translational symmetry.
VI. CONCLUSION
In this communication we introduced Quantum Unfolding, a computer code for unfolding first-principles electronic energy bands from full-electron and norm-conserving psudopotentials using maximally localized Wannier functions. Quantum Unfolding enables accurate and efficient calculations of the unfolded energy bands. Plans are in place to extend Quantum Unfolding in order to implement MPI and Open MP parallel computation schemes.
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